We study geometric phases that arise from (cyclic) transformations of the transverse spatial structure of paraxial optical modes. Our approach involves bosonic ladder operators that, in the spirit of the quantum-mechanical harmonic oscillator, generate sets of transverse optical modes. It applies to modes of all orders in a very natural way and provides a universal geometric interpretation of the phase shifts acquired by nonastigmatic modes under typical experimental conditions. © 2010 Optical Society of America OCIS codes: 350.1370, 260.6042, 050.4865, 070.2580, 070.3185, 080.2730 Over Analogous to the geometric phase for spin states of light, van Enk proposed a geometric phase arising from cyclic transformations of the transverse spatial structure of optical modes with orbital angular momentum [6] . Like polarization states, first-order paraxial modes can be mapped on a Poincaré sphere [7] . The poles, respectively, correspond to the first-order Laguerre-Gaussian modes LG lp ¼ LG 10 , and LG −10 , which have circular distributions of the transverse momentum with opposite helicities. Other modes on the sphere can be expressed as linear combinations of these two. In particular, points on the equator correspond to first-order Hermite-Gaussian modes, which have a linear distribution of the transverse momentum. Analogous to the Pancharatnam phase for polarization states, a first-order transverse optical mode that is transported along a closed trajectory on the Poincaré sphere picks up a geometric phase shift Ω=2, where Ω is the enclosed solid angle on the sphere [8] .
Over the past few decades, geometric phases have played an important role in various branches of optics. Before Berry published his seminal paper [1] , at least one optical example had been known for quite a while: the Pancharatnam phase [2] . This phase arises from cyclic transformations of the polarization (or spin) of a beam of light and has a clear geometric interpretation in terms of the Poincaré sphere, which is the underlying parameter space. It has been used to study and probe the quantum correlations of entangled photon pairs [3] . Other optical examples of geometric phases include the phase shift arising from cyclic transformations of the propagation direction of a beam of light through a fiber [4] and the phase shift that arises from cyclic transformations of squeezed states of light [5] .
Analogous to the geometric phase for spin states of light, van Enk proposed a geometric phase arising from cyclic transformations of the transverse spatial structure of optical modes with orbital angular momentum [6] . Like polarization states, first-order paraxial modes can be mapped on a Poincaré sphere [7] . The poles, respectively, correspond to the first-order Laguerre-Gaussian modes LG lp ¼ LG 10 , and LG −10 , which have circular distributions of the transverse momentum with opposite helicities. Other modes on the sphere can be expressed as linear combinations of these two. In particular, points on the equator correspond to first-order Hermite-Gaussian modes, which have a linear distribution of the transverse momentum. Analogous to the Pancharatnam phase for polarization states, a first-order transverse optical mode that is transported along a closed trajectory on the Poincaré sphere picks up a geometric phase shift Ω=2, where Ω is the enclosed solid angle on the sphere [8] .
Because all state spaces spanned by two states are identical, the description of polarization states and that of first-order spatial modes are formally equivalent [9] . A fundamental difference, however, between the polarization (spin) and spatial (orbital) degrees of freedom of an optical beam is that, while the space of polarization states is inherently two-dimensional, the Hilbert space of transverse spatial modes is infinitely dimensional. Galvez and O'Connell demonstrated experimentally that phase shifts may also occur for second-order modes [10] .
Although the Poincaré sphere can of course be generalized to modes of arbitrary order by taking higher-order Laguerre-Gaussian modes on the poles, such spheres do not apply to the typical experimental setup, and a geometric interpretation of the phase shifts in generalized Gaussian modes of arbitrary order is still lacking. In this Letter, we shall present a clear and intuitive geometric interpretation of such phase shifts.
We focus on paraxial optical modes. The complex electric field can be expressed as Eðr; tÞ ¼ E 0 ϵuðρ; zÞ exp ðikz − iωtÞ, where E 0 is an overall amplitude factor, ϵ is the transverse polarization, k is the wavenumber, and ω ¼ ck is the optical frequency with c being the speed of light. The beam profile uðρ; zÞ with ρ ¼ ðx; yÞ T characterizes the large-scale spatial structure of the field. Under free propagation, it obeys the paraxial wave equation
2 is the transverse Laplacian. In the paraxial approximation, this description of the propagation of a beam of light is consistent with the Maxwell equations in free space [11] .
The beam profiles of Hermite-Gaussian, LaguerreGaussian, and intermediate Gaussian modes can be expressed in terms of harmonic-oscillator functions [12, 13] 
where γ and R are the beam width and the radius of curvature of the wavefront and ζ is the Gouy phase. Their z dependence under free propagation, as described by Eq. (1), is specified by 1=γ 2 − ik=R ¼ k=ðb þ izÞ and ζ ¼ arctanðz=bÞ, where b is the Rayleigh range and z ¼ 0 coincides with the focal plane. The functions ψ nm ðξ; ηÞ in Eq. (2) are stationary states of a dimensionless harmonic oscillator in two dimensions.
The analogy with the quantum harmonic oscillator can be exploited by introducing two pairs of bosonic ladder operators in terms of which the modes [Eq. (2)] can be expressed as [14] u
where u 00 is the fundamental mode, which is a simple Gaussian. It is fixed up to an overall phase factor by the requirement that acting upon it with the lowering operators must give 0. The lowering operators can be decomposed aŝ
where the coefficients σ 1 and σ 2 are independent of z and obey
. Their z dependence, and thereby that ofâ 1;2 , ensures that the modes [Eq. (3)] solve the paraxial wave equation under free propagation. The ladder operators obey pairwise bosonic commutation rules: ½â i ;â † j ¼ δ ij , where i and j run over x and y and ½â p ;â † q ¼ δ pq , where p and q run over 1 and 2, so that the modes (3) constitute a complete set in the transverse plane.
Because jσ 1 j 2 þ jσ 2 j 2 ¼ 1, the coefficients σ 1 and σ 2 may be viewed as the components of a spinor σ ¼ ðσ 1 ; σ 2 Þ T . Similar to the components of the transverse polarization of an optical beam, or the coefficients that characterize the state of a spin 1=2 particle, σ can be mapped on a Poincaré sphere. Analogous to the Stokes parameters in polarization optics, it is fully specified by three Cartesian coordinates:
with polar and azimuth angles ϑ and φ. This sphere, each point on which specifies two pairs of bosonic ladder operators [Eq. (4)], and thereby a complete set of modes [Eq. (3)], is called the Hermite-Laguerre sphere [14] . Antipodal points correspond to the same pairs of ladder operators, the indices 1 and 2 being interchanged. The poles correspond to ladder operators that generate Laguerre-Gaussian modes with l ¼ n − m and p ¼ minðn; mÞ, while points on the equator correspond to Hermite-Gaussian modes. For intermediate polar angles, the modes are generalized Gaussian modes [15] in which the distribution of the transverse momentum is elliptical. The azimuth angle determines the orientation of the mode patterns in the transverse plane. Like polarization states, paraxial optical modes [Eq. (3)] are invariant under transverse rotations over π, and a rotation over φ on the sphere corresponds to a rotation over φ=2 in the transverse plane. The transverse orientation of a mode pattern can be modified by an image rotator or Dove prism. In terms of the ladder operators [Eq. (4)], or, equivalently, in terms of σ, such a transformation takes the following form: σ → cosðφ=2Þ − sinðφ=2Þ sinðφ=2Þ cosðφ=2Þ
where
is the corresponding generator and φ=2 is the rotation angle in the transverse plane. The nature of a mode, i.e., whether it is a HermiteGaussian, a Laguerre-Gaussian, or a generalized Gaussian, can be modified in any desired way by a welldesigned setup of two aligned cylindrical lenses [16] . As a result of the different focusing in the two transverse directions, the components of the spatial distribution of a beam pick up different Gouy phases from the input to the output plane of the converter. In particular, the HermiteGaussian modes HG nm ðx; yÞ that are aligned along the axes of the lenses pick up Gouy phases ðn − mÞϑ=2, where the phase difference ϑ is determined by the separation of the lenses and their radii of curvature. In the basis of Hermite-Gaussian modes that are rotated over π=4, i.e., Hermite-Gaussians in ðx AE yÞ= ffiffi ffi 2 p , this rephasing effectively transforms them into Hermite-Gaussians in ðe −iϑ=2 x AE e iϑ=2 yÞ= ffiffi ffi 2 p . For ϑ ¼ π=2, these modes are Laguerre-Gaussian, while for 0 < ϑ < π=2, they are generalized Gaussian. In terms of σ this transformation can be expressed as
is the corresponding generator. So far we have constructed two transformations on the Hermite-Laguerre sphere. The third describes a mode converter that is rotated over π=4 in the transverse plane. It can be constructed as
is, again, the corresponding generator. Because the components of σ are spinor components in a linear rather than in a circular basis, the matrices τ 1 , τ 2 , and τ 3 take the form of spin matrices in a rotated basis. They constitute an SUð2Þ algebra:
For a given point ðϑ; φÞ on the Hermite-Laguerre sphere, the mapping [Eq. (5)] leaves the overall phase of σ undetermined so that σ can be written as
where υ is fully specified by the two angles on the Hermite-Laguerre sphere according to υðϑ; φÞ ¼ ðe
. The overall phase χ does not modify the physical properties of the mode in a single transverse plane, but its variation after a sequence of beam transformations can be measured interferometrically.
The equation of motion for σ can be expressed as
where τ is a (linear combination of the) generator(s) and t is a real parameter that parameterizes a (part of a) trajectory on the Hermite-Laguerre sphere. Substitution of (12) gives after integration over t the following result:
The first term on the right-hand side constitutes a dynamic contribution to the phase shift. It vanishes after a closed trajectory along geodesics on the sphere [17] .
In that case, the phase shift can be expressed as
where C denotes a closed trajectory on the HermiteLaguerre sphere, S the enclosed surface, and Ω the enclosed solid angle. The second equality relies on Stokes theorem and involves using the gradient operator in spherical coordinates. This result constitutes the wellknown geometric phase shift acquired by a spinor when transported along a closed trajectory on the corresponding Poincaré sphere. Its geometric nature is already evident from the first right-hand side of Eq. (15), which shows that the phase shift is fully determined by the trajectory on the sphere and does not depend on the speed with which the spinor is transported along it. In this case, the geometric origin of the phase shift is even more apparent in that it is proportional to the enclosed area on the sphere, which has a clear geometric significance. The lowering operators [Eq. (4)] pick up equal but opposite geometric phases so that the modes [Eq. (3)] acquire phase shifts
Each combination of n and m specifies a subset of the full Hilbert space of transverse modes of the paraxial radiation field. Because the transformations of image rotations and mode conversions can be expressed in terms of the ladder operators, these sets are closed under transformations on the Hermite-Laguerre sphere. Moreover, their geometries are isomorphic to the Hermite-Laguerre sphere. In other words, although the orbital angular momentum in higher-order modes can be arbitrarily large, the underlying ladder operator space is two-dimensional and the geometry remains that of SUð2Þ.
First-order modes (N ¼ n þ m ¼ 1) are linear in the ladder operators so that the closed subset of first-order modes is a Poincaré sphere in the mode space. Because higher-order modes (N > 1) are nonlinear in the ladder operators, this is not true in general. This explains why the natural generalization of the Poincaré sphere to higher-order modes does not apply to cylindrical-lens mode conversions and image rotations of such modes. Of course it is, at least in principle, not impossible to perform transformations on a particular Poincaré sphere for higher-order modes, but because the cylindrical-lens mode converters rely on the underlying algebraic structure and therefore apply to modes of all orders simultaneously, the present description is far more natural.
Analogous to the Aharonov-Bohm effect, the geometric phase shift may be expressed as a line integral over a (fictitious) gauge field, which derives from the local Uð1Þ gauge invariance of the dynamics of the spinor σ. This picture gives a deeper, purely geometric, understanding of the factor n − m in Eq. (16) , which may be viewed as the topological charge of the modes and accounts for the fact that they couple differently to the gauge field [18] .
In conclusion, we have applied an algebraic description of the dynamics of nonastigmatic paraxial optical modes to study geometric phases that arise from (cyclic) transformations of such modes. Our method applies to the typical experimental setup [8, 10] and is universal in that it includes modes to all orders simultaneously. Finally, it is noteworthy that the approach discussed here also applies to the time evolution of a quantum-mechanical wave packet in a (slowly varying) harmonic potential.
